ADVANCED HIGH SCHOOL MATHEMATICS

GEOMETRY and TRIGONOMETRY

The topics of geometry and trigonometry are essential in the study of most of
mathematics and is a fundamental topic in mathematics, physics, chemistry,

engineering etc.


https://ian888cooper.github.io/advschoolmaths/

1 CIRCLE
Equation of a circle: centre (x¢,yc)and radiusa  (x—x.) +(y—-yc) =a2
Circumference C=2ra

Area A=ra’

In many scientific and engineering calculations radians are used in preference to
degrees in the measurement of angles. An angle of one radian is subtended by an arc

having the same length as the radius.

1 revolution = 360° =2 rad
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The length of an arc s of a circle which subtends an angle @ is

s=ad

The ratio of the area of the sector to the area of the full circle is the
same as the ratio of the angle Ato the angle in a full circle. The full

circle has area 7 a’. Therefore

area of sector @

area of circle 2r
a‘2
area of sector = ?0




2 TRIANGLE

The Theorem of Pythagoras

ci=a’+b?

Trigonometrical ratios in a right-angled triangle

Sine ratio

Cosine ratio

Tangent ratio

Cosecant ratio

Scant ratio

Cotangent ratio

sin(0) = 2

c hypotenuse ¢

b
COS(Q)ZE c’=a’+b’

. [
tan(@) = —
an(®) b adjacent side

b
cosec(f) = — 1 _L
sin(d) a

sec(f) = 1 _¢

cos(d) b

cot(@) = L b

tan(&) - a

6’+gb:§rad

opposite side
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0 or ¢ 0 30° n/6rad |45° mw/4rad | 60° w/3rad | 90° m/2rad
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Law of Sines

a b c sin(A) _sin(B) _sin(C)
sin(A)  sin(B) sin(C) a b ¢

Law of Cosines

2 2 .2
¢’ =a’+b*-2abcos(C) cos(C) = a+b-c
2ab
2,2 .2 c
a®=b*+c?-2bccos(A) cos(A)= brrct-a”
2bc
2,2 R
b*=a®+c? -2accos(B) cos(B)= atce b
2ac
Law of Tangents
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3 TRIGONOMETRIC FUNCTIONS

Knowledge of the trigonometric functions is vital in very many fields of engineering,

mathematics and physics.

Sine function y=sin(6)
1st ond 3rd 4th
guadrant quadrant quadrant guadrant
ODD FUNCTION
sin(—6) = —sin(0) 0<y<l | 0<y<l|-1<y<0| 0<y<l
J3/2-08660 | | ' | '
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> 0
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Cosine function y=cos(6)
EVEN FUNCTION cos(—8#) = cos(6)

spacing between blue dots is 30°

0<y<l -1=y<0 -1<y<0 0=y<l

|
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Tangent function y=tan(9)
ODD FUNCTION tan(-6) = —tan(6)

20 T T T

15 n

10 n

-10 = -

-15 - a
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angle 6 Py 31/2 o /2 /2 T 3n/2 7
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4 TRIGONOMETRIC IDENTITIES and EQUATIONS

sin®(8) +cos*(6) =1
sec’(0) =1+tan*(0)
cosec’(0) =1+ cot®(0)

sin(x) =«/1—cosz(x cos(X) = y/1—sin (x

sin®(x) . _sin ?(x) +cos® (x) _

tan’(x) +1=—
cos“(x) cos?(x) coS (x)

sin(@ + ¢) =sin(@) cos(¢) +cos() sin(¢p)
sin(@ — ¢) =sin(@) cos(gp) — cos()sin(g)

cos(@ + ¢) = cos(8) cos(¢) —sin()sin(¢p)
cos(@ — @) = cos(@) cos(¢p) +sin(8)sin(¢)

an(0 + 4) = tan(9) + tan(¢)
1-tan(#) tan(y)
an(0 - 4) = tan(9) — tan(¢)

1+ tan(@)tan(¢)
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cos(6) —cos(g) = ~2sin (%} sin(e . ¢j

Double angle formulae

sin(2x) = 2sin(x) cos(x)
cos(2x) = cos”(x) —sin®(x) = 2cos’(x) =1 cos’(x) = (1+cos(2x))
sin(2x) _ 2sin(x)cos(x)

tan(2x) = =— — +€0s%(X)
cos(2x)  cos”(x)—sin“(x)
tan(2x) = 2tan(2x)
1-tan”(x)

cos(2x)=cosz(x)—sin2(x):cosz(x)[1—Sinz(x)jz( 1 ](1—tan2(x))

cos®(x) sec®(x)

1—tan®(x)

cos(2Xx) =
(2x) 1+ tan®(x)
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2sin(x)cos®(x) _ 2tanx
cos(x) sec?(x)

sin(2x) = 2sin(x)cos(x) =

. 2tan x
SiN(2X) = —————
1+ tan®(x)

The substitution t = tan(x/2) is often a useful one for integration of trigonometric
functions because we can express
1-t? 2 dt

d

) 2t
sin(x) = cos(X) = X =
(x) 1+12 (x) 1+1t2 1+1t2
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5 SINE and COSINE FUNCTIONS

y=sin(d)=cos(d—7/2) y=cos(0)=sin(@+1/2)

I I I I I I T T T I I I I

0.5

0.5

-360 -315 -270 -225 -180 -135 -90 -45 0 45 90 135 180 225 270 315 360
21 -371/2 -0 -1/2 angle /2 T 3n/2 21
[degrees / radians]

sin(@ + @) =sin(@) cos(¢) + cos(&) sin(¢)

$=90°=rx/2rad sin(@+x/2)=cos(6) = sine curve shifted to left through /2 rad
¢=-90°=—x/2rad sin(@—-x/2)=—-cos(d) = sine curve shifted to right through 7/2 rad
$=180° =z rad sin(@+ ) =—sin(0) = sine curve shifted to left through = rad
¢=-180°=—-xrad sin(@- ) =-sin(0) = sine curve shifted to right through = rad

13



y=sin(d)=cos(d—7/2) y=cos(0)=sin(@+1/2)

I I I I T T T T T T I I I
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-360 -315 -270 -225 -180 -135 -90 -45 0 45 90 135 180 225 270 315 360
21 -371/2 -0 -1/2 angle /2 T 3n/2 21
[degrees / radians]

cos(@ + ¢) = cos(8) cos(gp) —sin()sin(p)

$=90°=r/2rad cos(@+x/2)=-sin(0) = cosine curve shifted to left through m/2 rad
¢=-90°=-x/2rad cos(€—rx/2)=sin(0) = cosine curve shifted to right through m/2 rad
¢=180° =7 rad cos(@+x)=—cos(0) = cosine curve shifted to left through = rad
¢=-180°=—-rrad cos(@—rx)=-cos(6) = cosine curve shifted to right through = rad
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